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Abstract.
The purpose of this paper is to establish certain results concerning convolution relations for

the subclass T, (a,b,g) of univalent functions with negative coefficients.
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I ntroduction:

Let H(U ) denotethe classof functions of the form
f(z)=z+) a 7 (L1)
j=2

which are analytic in the unit disc U ={ z : | z | <1} .Furthermore, let S denote the subclass

of
H, which consists of functions of the form (1.1) that are univalent in U and satisfy conditions
of normalization f(0)=0, f '(0)=1. A function of the form (1.1) which is member of S, is

said to be starlike of order a (0<a <1), if and only if Re( zf '(2)/ f(2))>a, ze U, and
is said to be convex of order a (0<a <1),if andonly if Re(1+zf "(2)/ f'(z)) >a, ze U.

We denote these classes respectively by S'(a) and C(a) . Let T denote the subclass of S

consisting of functions whose non-zero coefficients, from the second on, are negative; that is,

an analytic and univalent function f isin T if and only if it can be expressed in the form
f(=z-Ya 7z a2>0j=23.. . (1.2)

j=2
We denote N, , the set of all non-negative integers (N, = (0,1,2,...) ).
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Definition 1 [3]. We definethe operator D":HU) >HU) , neN, , by
D°f(2)=f(2).
D'f(2)=='(2).
D"f(2)=D(D"*f(2).
Definition 2[1]. Let @ € [0,1), b € (0,1], g € (1/2,1], and let ne N,, we define,
the classdenoted S, (a,b,g) by
S(@,b,g) ={ feHU): f(0) = f(0)-1=0and |J,(f.a,g;2)| < b, zeU }

where
Dn+lf (Z) _l
D"f(2)

29 Dn+lf(z) a ~ Dn+lf(z) _l '
D"f (2) D"f(2)

We note that S)(a,1,1)is class of starlike functions of order a and S(a,11) is class of

J.(f.a,9:2) = (1.3)

convex functions of order a and S (a,L1) is class of n-starlike function of order a
defined in [3]; S,(a,b,1) isclassof n-starlike function of order a of type b defined in [4].
We also note that the class S (a,b,g) isintroduced and studied by Kulkarni [2].

Now,

T.@@,b,g)=S@,b,g)NT

We have established several general properties such as convolution, inclusion properties for
aforementioned class T, (a,b,g) . In this paper we shall employ technique similar to those
in[4] and[5].

Preliminary results

In [1] the next characterization of theclass T (a,b,g) isgiven.

Theorem 1[1]. Let a €[01), b € (01],9 € (1/21], and let neN,, The
function f of theform(1.2) isin T (a,b,g) if and only if

> [ i-1+b(1-j+2j-2)]a < 2bg(l-a) . (2.)

j=2

Theresult (2.1) is sharp, the extremal functions being given by

F(2d=2z2-—— 2 (1-a) Z j=23... (2.2)
j"[j-1+b(1-j+29j-20m)]

Special Issue No. 2, March, 2017 www.researchfront.in 188



~ RESEARCH FRONT
Z ISSN
(Print) 2320 — 6446, (Online) 2320 — 8341

Corollary 1. If f € T (a,b,g) then

a < 29 (1-a)
'li-1+b(1-j+29j-20)]

The result is sharp and the extremal functions are given by (2.2).

3. Convolution Properties

Let f(2)=z-) a2z, i=123. We define the Hadmard product or convolution of f,
=2

0

and f, by (f*f,)@=2->4a, 2.
(3.1) -
Theorem 2. Let f, f, € T,(a,b,g),a €[0,1),be(01],9€(1/2,1], and neN,, then
f,*xf, e T.(a',b,g), where
2bg (1-a )2 (1-b+2bg )
[1+b(-1+49-2ag)]° 2'-4b?g*(1-a )

a'=a'(a,b,g,n)=1

2

(3.2)
and a <a'(a,b,g,n)<1 .The result is sharp, the extremal functions are
f, = f, = F,, where F, isgivenin Theorem 1.

Proof. Let f,f, € T.(a,b,qg), then from Theoreml we have

& J"[i-1+b(1-j+29j-2¢)
3 ]

<1 . 3.3
= 2bg (1-a) ! ©9
and
o J"[i-1+4b(1-j+29j-2) ]

<1 34
2 2bg (1-a) %) (34

From Theoremlwealsohave f*f, e T (a'b,g) if andonly if

j"[i-1+b(1-j+2g9j-2¢") ]
2bg(l1-a’')

M

a;a,; < 1

,\
w

5)

Wewishto determinethelargest a' = a'(a,b,g,n) suchthat (3.4) holds.
From (3.3) and (3.4) we get by means of Cauchy-Schwarz inequality
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s " [j-1+b(1-j+29]-20) ] <
. <1
2 2bg (1-a) VR

(3.6)
which implies

2bg(1-a)
Cj"[i-1+b(1-j+29j-20) ]

I j =23..

We note that the next inequalities

i"[i-1+b(1-j+29j-2¢") |
2bg(1-a')

&y <

i"l j-1+b(1-j+29j-20m) .
< [ ] ,/al,j &, | = 2,3...

2bg(1-a)
(3.8)

imply (3.5). But the inequalities (3.8) are equivalent to

j-1+b(1-j+29j-2m"
J ((11_3.9;J Qla)\/mS

(3.9
. i-1+b(1-j+29j-23)
(1-a)
By using (3.7) we have

j-1+b(1-j+29j-20m"
i ((11_3'9;1 %) (o 8,

- 2bg(1-a)[ j-1+b(1-j+29j-20m") ]

(1-a')j"[ j-1+b(1-j+29j-20) ]
In order to obtain (3.9) it will sufficient to show that

L =23..

IN

L i=23.. .

ISSN
(Print) 2320 — 6446, (Online) 2320 — 8341

(3.7)

2bg (1-a)[ j-1+b(1-j+29j-20")] _ j-1+b(1-j+29j-20)

(1-a') j"[ j-1+b(1-j+29j-20)] (1-a)

2bg(1-a )’[ j-1+b(1-j+29j-20m") ] <

(3.10)

<(l-a") [ j-1+b(1-j+2gj-2) ] " j=23.
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The inequalities (3.10) are equivalentto Aa' < B, where

A=-4b’g*(1-a )+ [ j-1+b(1-j+29j-20) ] |" > 0
and

B=[j-1+b(-j+2gj-20)]" j"-2bg(1-a )*( j-1)-2b’g(1-a)’(1- j+29]j),
j=23.. .

Weobtain

2bg(1-a )*( j-1) (1-b+2bg )

-1- > =¢(]).

B
a'<s —
A [j-1+b(1-j+29j-20 )] j" - 4b%g*(1-a )

Wehave, ¢(2) <c(j),j=23.. andwechoose a'=a’'(a,b,g,n) = c(2)

and a <a' ,because
a'(a,b,g,n)-a >a'(a,b,g,0) -a =

(1-a )(1-b )(1-b+2bg(3-a ))+4b?*g*(1-a )(2-a )

- 0
(1-b )(1-b +2bg (3-a ) )+4b?g?( 2-a )+ 2bg(1-a )(1-b+2bg ) |
and
2
1-a‘(a,b,g,n) - 20 (1-a) (21—b+2bg) 0.
[1+b(-1+4g-2ag )] 2'-(2bg (1-a))
The extremal functions are f="1%=F . Indeed

(FR,*F)(z)=z-c,22 € T(a'b,g),where
. _ 22-2n bzgz(l_a )2
* [1+b(-1+4g-2ag)]

and a'=a'(a,b,g,n) because

§ Ili-teb(-jr@i-ap)]
2bg (1-a') |

_ 2'[1+b(-1+4g-2m')] 2*"b’g*(l-a )

=1 .
2bg (1-a") [1+b(-1+4g-2ag) ]

Corollary 2. If f,f, e T(a,b,g), then f*f, e T (a,b,q9).

Corollary 3. If f,, f, € T.(a,b,g), then f,*f, € T (r,11), where
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(1-a )2 b?g?
2"?[1+b(-1+4g-2ag) ] -b?(1-a )’
Proof. A simple computation yields

r=r(a,bg)=1-

n+l B
|3,(f.a.g:2)| <b implies ‘M _1‘ < 2bg(l-a)

D"f(z) ~ 1+2bg-b
Therefore
n+1
Re b i(z) >s(a,b,g) ,
D"f(z)
where
1-b + 2abg
s(a,b, =
( 9) 1-b+2hg

Let f,f, e T(a,b,g)then f,*f, €T (a' b,g) and

s(a'b,g)=s (a'(a,b,g,n),b,g ):r (a,b,g,n).
Hence
f,*f,e T,(s(a'b,g), 1 1)=T,(r(a,b,g), 1 1).

Theorem 3. If f,e T (a,b,g) and f, € T (a' b,g), then f*f, € T(a" b,g),
where

_ 2bg (1-a)(1-a")(1-b +2bg)
2"[1+b(-1+4g-2ag)]|[1+b(-1+4g-2a'g)]-4b%g*(1-a)(1-a")

a"(a,a'b,g,n)=1

(3.11)
Theresult is sharp.
Proof. Proceeding as in proof of Theorem 2, we obtain

2bg(1-a)(1-a")(j-1)(1-b +2bg)

"<c(j)=1-

a'sc)) i"[i-1+b@-j+2g9j-20)][i-1+b@-j+29j-20m")]-4b’g*(1-a)(1-a")
(3.12)

Since, ¢(2) <c(j),j=23.. wechoose a"=a"(a,b,g,n)=c(2)

which prove Theorem 3.
Finally by taking the functions

f(=z-— 2Pd3) 2 and
j"[j-1+b@-j+29j-20)]
fZ(Z):Z— 2@) (1_a ) Zi

j"li-1+b(1-j+29j-20 "]
we can see that the result is sharp.

Special Issue No. 2, March, 2017 www.researchfront.in 192



~ RESEARCH FRONT
Z ISSN
(Print) 2320 — 6446, (Online) 2320 — 8341

Corollary 4. If f € T (a,b,g),{i=123}, then f,*f,*f, e T (a" b,g), where
2b%g? (1-a)’ (1-b +2bg)

a"(a,b,g,n)=1- - - .
2"[1+b (-1+4g-2ag)| -8b%°(1-a)
(3.13)
Proof. From Theorem2 wehave f,*f, € T.(a',b,g), where a'isgivenby (3.2). Then
by

using Theorem3weget f*f,*f, € T (a" b,g),where
2bg (1-a)(1-a")(1-b +2bg)

a’(a,b,g,n)=1- 2'[1+b (-1+4g-2ag)|[1+b (-1+4g-2a'g )]~ 4b’g*(1-a)(l-a ")

B 2b%g? (1-a)’ (1-b +2bg)
2"[1+b (-1+4g-2ag)] -8b%*(1-a)’
Thus we have completed the proof of corollary4.

Theorem 4. Let f,f, e T(a,b,g), a €[01),b e(01],9e(1/21] and
neN,, then f,*f, e T (a,b',g), where

2b7g(1-a )
[1+b(-1+4g-2ag) ] 2" - 2b’g(1-a )(-1+4g-2ag )

b'=b'(a,b,g,n) =
(3.14)

and O0<b'(a,b,g,n)<b .The result is sharp, the extremal functions are
fl = f2 = F,,

where F, isgivenin Theorem 1.

Proof.If f,f, € T,(a,b,g),then (3.3) and (3.4) hold. By Theorem1 we have

f,*xf, e T(a,b',g) ifandonly if
i I"[i-1+b'(1-j+29j-2)]
= 2b'g(1-a)

a;a;<1 (3.15)

Wewish to determinethe smallest b’ = b'(a,b,g,n) suchthat (3.15) holds.
We note that the next inequalities

j-1+b'(1-j+29j-20)
b’ VTR

(3.16)
g J_1+b(1—1b+291—29a) =23
imply (3.15).
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By (3.7) we obtain

j-1+b'(1-j+29j-20a)
b’ Vad; =

- 2bg(1—a)[ j—1+b'(1—j+29j—29a)]
b' j"[ i-1+b(1-j+29j-20a) ]

=23 .

In order to obtain (3.16) it will sufficient to show that

2bg(1-a)[ j-1+b'(1-j+29j-20m ) | -
b' j”[ j—l+b(1—j+29j—2ga)]

_ J_1+b(1—1b+2g1—29a), | =23..

These last inequalities are equivalent to

. 2b*g(1-a ) (j-1)
[1-j+b(-1+49-2ag) ] j" - 2b?g(1-a )(1-j+29j-2ag)
(3.17)

=d(j)

Wechoose b'=b'(a,b,g,n)=d(2), because d(2) 2d(j),j=23...
Wehave b' < b , because
b -b'(a,b,g,n)>b -b'(a,b,g,0) =

(1-b )(1-b+2bg(3-a ) )+4b’g*( 2-a )
(1-b )(1-b+2bg(3-a ))+4b’g*( 2-a )+2bg(1-a )

=b >0

and b'(a,b,g,n) > 0 because
[1+b(-1+4g-2ag) ] 2" - 2b%g(1-a )(-1+4g-2ag) >

>[1+b(-1+4g-2ag )] - 2b?g(1-a )(-1+dg-2ag) =
= (1-b ) (1-b+2bg( 3-a ))+4b292( 2-a )+2bg(l-a ) > 0

The extremal functions are f=1=F. Indeed
(R*F)(z)=z-c,2 e T(a,b'g),

where c, isgiveninthe proof of Theorem 2 and b' = b'(a,b,g,n) because
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i i"[i-1+b'(1-j+2gj-20) ] . 2"[1+b'(-1+29)-20. ) | c_1
~ 2b'g(1-a) ) 2b'g(1-a) 27

Theorem 5. If f, e T,(a,b,g) and f, € T, (a,b',g), then f*f, € T.(a,b",g),
where

“ | ) 2bb'g(1-a )
P ) T (g 2ag) 16 (v dg -229) ]2 260 '9(1a)( L+ 4 2a0)

(3.18)
The result is sharp.
Proof. Proceeding as in proof of Theorem4, we obtain

2bb'g(1-a )( j-1)
[1-j+b (-1+4g-2ag)][1-j+b'(-1+4g—2ag)]j"-2bb 'g(1-a)(1- j+29]-2ag)

b">d(j)=

(3.19)
Since d(2) = d(j),j=23...wechoose b"=b"(a,b,g,n)=d(2)

which prove Theorem 5.
Finally by taking the functions

f(=z-— 2Pla) 2 and
j"[i-1+b(-j+2g9j—-2¢)]
f,(2)=z- 2¢p'(1-2) ya

J'li-1+b'A-j+29]-2)]
we can see that the result is sharp.

Corollary 5. If f € T (a,b,g),{i=123}, then f,*f,*f, e T (a,b",g), where

b*(a,b,g,n)= (12 )
7 2[1+b(-1+4g-2ag)] -4b%g*(1-a)’(-1+4g-2ag)

(3.20)

Theorem 6. Let f,f, e T(a,b,g), a €[01),b e(01],9e(1/21] and
neN,, then f,*f, € T (a,b,g"), where

2bg®(l-a) (1-b)
[1+b(-1+4g-2ag) ] 2" - 4b°g?*(1-a )(2-a )

g' = gl(a’bvgvn) =
(3.21)

and 0<g'(a,b,g,n)<g .The result is sharp, the extremal functions are

f, = f, = F,, where F, isgivenin Theorem 1.
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Proof. If f,f, € T.(a,b,g),then (3.3) and (3.4) hold. By Theorem 1 we have
f,*f, e T.(a,b,g") ifandonly if

i i"[i-1+b(1-j+29'j-29'a) ]
=2 2bg'(1-a)

a;a;<1 (3.22)

We wish to determinethe smallest g' = g'(a,b,g,n) suchthat (3.22) holds.
We note that the next inequalitiesimply (3.22).

i—1+b(1-j+29'j—29'a
J ( nggl g )mg

(3.23)
c A-1+b@-jr2gj-20) 55
9
By (3.7) we obtain
j—1+b(1-j+2g'j-2g'a
j—1+b( L2012 ) a2, <

_ 2bg(1-a)[ j-1+b(1-j+2g'j-29'a)]
9" j"[ i-1+b(1-j+29j-20m) |

L i=23.. .

In order to obtain (3.23) it will sufficient to show that

2bg (1-a)[ j-1+b(1-j+25'j-2g'a) ] _
9" j"[ i-1+b(1-j+29j-20m) |

) J_1+b(1_g+2gj—295\), i =23..

These last inequalities are equivalent to

g' > 2b g*(1-a ) (1-b)( j-1)
[1-j+b(-1+4g-2ag )T j" - 4b%g*(1-a )(j-a)

=e])

(3.24)
Wechoose g' =g'(a,b,g,n) = g2), because e(2) 2e(j),j=23.. .
Wehave @' < g ,because

g -g'(a,b,g,n) >g —-g'(a,b,9,0) =
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(1-b )(1-b+2bg(3-a ))+4b’g?*( 2-a )

(1-b )(1-b+2bg(3-a ))+4b%’(2-a )+ 2bg(1a )(1-b) | =

=9

and g'(a,b,g,n) > 0 because

[1+b(-1+4g-2ag) | 2" - 4b?g*(1-a )(2-a )2

>[1+b(-1+4g-2ag )] - 4b%g?(l-a )(2-a) =

=(1-b ) (1-b+2bg(3-a ))+4b%g®(2-a )+2bg(1-a )(1-b ) >0

The extremal functions are ff=1 =F,. Indeed

(F,*F,)(z) =z-c,2 € T(a,b,g"),

where c, isgivenin the proof of Theorem 2 and g' = g'(a,b,g,n ) because
”[j—1+b(1—j+29'j—2g'a)] c 2“[1+b(—1+29‘j—29'a)]

i J i = C2=1
2bg’ (1-a) 2bg'(1-a)

Theorem 7. If f, e T,(a,b,g) and f, € T, (a,b,g'), then f*f, € T.(a,b,g9"),
where

2bgg'(1-a)(1-b)
2"[-1+b(-1+4g-2ag)|[-1+b(-1+4g'-2ag) |- 4b*y'(1-a)(2-a)

g"(a,b,g,n)=
(3.25)
The result is sharp.

Proof. Proceeding as in proof of Theorem6, we obtain

2bgy'(1-a )(1-b)(j 1)

9'2e(j)= j"[1-j+b(-1+4g-2ag)][1- j +b(-1+4g'-2ag) |- 4b’w'(1-a)(j-a)

(3.26)

Since €(2) > e(j), j = 23,..,wechoose g'=g'(a,b,g,n) =e&2)
which prove Theorem 7.
Finally by taking the functions
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f(=z2-—2Pla) 2 and
j"[j-1+b@-j+29j-20)]
fZ(Z):Z— Zg b(l_a) Zi

j"li-1+b@-j+29"j-2g'a)]
we can see that the result is sharp.
Corollary 6. If f € T (a,b,g),{i=123}, then f,* f,*f, € T.(a,b,g"), where

4b%g*(1-a)’(1-b)
2"[-1+b(-1+4g-2ag)] -8b%*(1-a)’ (2-a)

g"(a,b,g,n)=
(3.27)

Remark. We can also obtain corollary 2 and corollary 3 by using Theorem 4 and Theorem
6.
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